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Abstract

We have studied longitudinal wake�elds of very short bunchesin non-cylindrically symmetric (3D)

vacuum chamber transitions using analytical models and the computer program ECHO. The wake

(for pairs of well-separated, non-smooth transitions) invariably is resistive, with its shape pro-

portional to the bunch distribution. For the example of an elliptical collimator in a round beam

pipe we have demonstrated that|as in the cylindrically symmetric (2D) case|the wake can be

obtained from the static primary �eld of the beam alone. We have obtained the wakes of the

LCLS rectangular-to-round transitions using indirect (numerical) �eld integration combined with

a primary beam �eld calculation. For the LCLS 1 nC bunch charge con�guration we �nd that the

total variation in wake-induced energy change is small (0.03% in the core of the beam, 0.15% in

the horns of the distribution) compared to that due to the resistive wall wakes of the undulator

beam pipe (0.6%).

� Work supported in part by the DOE Contract DE-AC02-76SF00515. This work was performed in

support of the LCLS project at SLAC.
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INTR ODUCTION

In the LCLS with the nominal, 1 nC of chargecon�guration the longitudinal wake�elds

in the undulator region are signi�cant and will a�ect the laserperformance.The dominant

contribution to the wake�elds is the resistivewall wake(with the acconductivity included) of

the undulator beampipe [1]. To amelioratethe wake e�ects it hasbeenproposedto change

the pipe inner surfacematerial from copper to aluminum and to changethe cross-section

from a round to an approximately rectangular shape (while leaving the vertical aperture

�xed). Within the undulator, however, the beampipe will needto be interrupted 33 times

by pipeswith round cross-sectionsthat housethe beamposition monitors. Thus there will

be 33 pairs of rectangular-to-round transitions. In this note we calculate the (geometric)

wake�elds generatedin thesetransitions.

To solve this problem by direct (numerical) integration of the �elds as the beam moves

through the structure is problematic for the short LCLS bunch: to allow the wake to \catch-

up" to the beam, integration through a long exit beam pipe is required, a procedurethat

tendsto accumulate numericalerrors. An indirect integration algorithm for non-cylindrically

symmetric (3D) structures is required. For 3D cavit y-like structureswith beampipes,where

the minimum aperture of the structure coincideswith the beam pipe aperture, an indi-

rect procedurebasedon the solution of Laplace'sequation was derived by T. Weiland and

R. Wanzenberg [2]. For cylindrically symmetric (2D), collimator-like structures, an indirect

procedure was developed by O. Napoly, et al; according to this method, after the beam

passesthe collimator, the long on-axisintegration of �elds is replacedby a radial integration

to the walls [3]. In this report we make useof an approach to solving this problem that is

applicable to the (3D) LCLS rectangular-to-round transitions.

The geometryof an LCLS transition pair is shown on Fig. 1. The rectangular pipe has

dimensions10mm by 5 mm (horizontal x by vertical y) and the round pipehasradius 4 mm.

The length of a rectangularsectionis on the order of 3 m, and of a round section� 470mm.

Becauseof the largedistancebetweentransitions, a pair of transitions hasthe samewake�eld

irrespective of which transition comes�rst. In this report numerical calculations are done
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with ECHO, a �nite-di�erence, time-domain program that can accuratelyobtain wake�elds

of short bunches in long structures (it generatesminimal errors due to \mesh dispersion"

and mesh-to-boundary mismatch) [4]; the meshingis carried out in Microwave Studio [5].

Beam parametersin the LCLS undulator region are given in Table I.

z

y

- x

FIG. 1: A pair of LCLS rectangular-to-round transitions shown in a longitudinal cut view.

TABLE I: Selectedbeamparametersin the LCLS undulator region.

Parameter Value

Charge, Q 1 nC

Length (rms), � z 20 � m

Energy, E 14 GeV

A 2D MODEL

Analytical W ake

Before proceedingto the 3D calculations let us make an estimate of the wake potential

using a 2D (cylindrically symmetric) model. Consider the transition from a round pipe of

radius a = 2:5 mm to oneof radius b= 4 mm and back again,or, equivalently, the collimator

of radius a with beam pipes of radius b. [Sinceg is large comparedto 2(b � a)2=� z, with

g = 470 mm the length of the central region and � z = 20 � m the rms bunch length, the

impedanceis about the samefor both con�gurations.] Note that, sincethe aperture of the

2D model is everywherelessthan or equal to that of the real (3D) transition, we expect the

2D estimate of the wake to be somewhatpessimistic.
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For short bunches (� z � a) the di�raction model of Heifets and Kheifets (H&K) ap-

plies [6], and the wake is resistive (the wake shape is the sameas the bunch distribution).

For a Gaussianbunch the wake is [6]

W(s) = �
Z0cln(b=a)
p

2� 3=2� z
e� 1

2 s2=� 2
z ; (1)

with s position within the bunch, Z0 = 377 
, and c the speed of light. (Eq. 1 is valid

provided � z
>� a=
 , with 
 the Lorentz energyfactor.) Eq. 1 implies that the impedanceat

high frequencies(speci�cally, for c=� z
<� ! <� c
 =a) is constant and given by

Zhi =
Z0

�
ln(b=a) : (2)

The lossfactor (minus the averagewake), in terms of Zhi , is given by

kloss =
Zhi c

2
p

� � z
: (3)

For our parameterswe �nd that Zhi = 56:4 
 and kloss = 238 V/pC. The minimum wake

Wmn = � 337V/pC and the rms of the wake Wr ms = 94 V/pC.

Beforeleaving this section,let us recall that H&K explainedthat the wake (as well asthe

impedance)of oneround transition alonecan be thought of ascomposedof a radiation part

W r and a (static) potential energypart W e. The part W e is the di�erence in potential within

the primary beam�eld in the two di�eren t pipes. In an in-transition (from big pipe to small)

W in = W r � W e, and in an out-transition (from small pipe to big) W out = W r + W e. Note

that Wr is the samein both cases,sincethe (radiated) impedanceof a transition depends

on its shape and not on the direction of traversing it [7]. In their numerical study, H&K

further observed that at high frequenciesthe two parts W r and W e were(essentially) equal:

for an in-transition, they cancelto give zero wake (one can think of the �elds beyond a as

beingcleanlyclipped away, with the beamnever aware that a changein the walls occurred);

for an out-transition the e�ect is just twice the potential energypart of the wake. Thus the

wake of a transition pair taken together is W = 2W e. We review this here becauselater,

when discussing3D transitions, we will make useagain of someof theseconcepts.
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Numerical Calculations

Numerically obtaining the wake for this problemby direct integration of the electric �elds

as the bunch passesthe transitions is di�cult, sinceit takesa long time for the scattered

�elds to catch up to the bunch. [The catch-up distancezcu
>� 2(b� a)2=`, with ` a fraction

of � z.] A modi�cation of the Napoly indirect method is employed by the computer program

ECHO for 2D calculations[8]. An ECHO calculation wasperformedfor a transition pair of

the 2D model; for the calculation the pair wasmodelledasa collimator of length g = 20mm.

We �nd that the numerical result agreeswell with the analytical approximation (seeFig. 2).

Note that, for this problem, a numerical check on the result �nds the catch-up distanceto

be zcu = 2:3 m (or ` � � z=10).

���������
	 �
� l

FIG. 2: Wake potential for the 2D model of a pair of LCLS transitions. The analytical

result, Eq. 1, is given by dashes.Also shown are 2 results for taperedtransitions (discussed

below). The bunch is Gaussianwith � z = 20 � m (the headis to the left).

E�e ct of Tapering

To investigatethe e�ect of tapering, we performedcalculationsfor pairs of 2D transitions

with taper angles,� (seeFig. 3). Results, for � = 1� and 4� , are plotted In Fig. 2; kloss,

Wr ms , and Wmn , for several valuesof � , are given in Table I I (the earlier results are labelled

� = 90� ). We note that, for the short LCLS bunch, tapering is of little help in reducing the

wake,unlessthe taper angleis very shallow. This is becausedi�raction radiation is projected
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at a shallow angle. So, for example, when a short bunch passesby an out-transition, a

signi�cant reduction in the wake will not happen until the taperedwalls cut into this cone

of radiation, i.e. not until tan � � � z=a, which here implies � � 0:5� . In Table I I we see

that e.g. the rms moment of the wake, Wr ms , doesnot begin to signi�cantly decreaseuntil

� <� 1� , in reasonableagreement with this estimate.

CL

FIG. 3: A tapered,cylindrically symmetric collimator usedin 2D simulations.

TABLE II: Wake parametersfor the round collimator of Fig. 3; � z = 20 � m.

� [deg] kloss [V/pC] Wr ms [V/pC] � Wmn [V/pC]

90. 238. 94. 337.

(analytical)

90. 235. 93. 331.

8.5 191. 96. 290.

4. 148. 101. 249.

2. 88. 91. 182.

1. 50. 65. 124.

0.5 33. 41. 80.

3D TRANSITIONS

Collimator in Round Beam Pip e

The indirect method has beenextendedin ECHO to 3D structures that end in a round

beam pipe (to be presented in a future report). For calculating the longitudinal wake on

axis, as we want to do here, the procedureis relatively simple. For short bunchesECHO
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employs a moving meshthat enclosesthe beam longitudinally and reaches transversely to

the structure walls. The �rst part of the calculation is direct integration of the wake forces

as the beampassesthrough the beginning of the structure. When the moving mesh�nally

is entirely within the round exit pipe region the monopole moment of the transverse�eld

(over the mesh) is extracted; this �eld is then integrated radially to the wall, following the

procedureof the 2D indirect method.

As a concreteexampleconsideran elliptical collimator in a round beampipe (seeFig. 4),

and a Gaussianbunch with � z = 25� m. The wakeasobtainedby the just-described indirect

method is shown in Fig. 5 (the solid curve). The lossfactor kloss = 116:6 V/pC. To obtain

an analytical result, we calculate the potential di�erence in the primary beam�eld when it

is in the elliptical vs. in the round pipe, giving us W e (more details of such a calculation are

given in the next section); then, as in the 2D case,we let W = 2W e. The result is shown by

dashesin Fig. 5, and we seegood agreement with the numerical result (kloss = 118:5 V/pC).

This good agreement suggeststhat this analytical method can be used to �nd the short-

bunch wakesof a largeclassof 3D collimators (speci�cally, thosethat are abrupt-edgedand

translationally symmetric).

x

z

FIG. 4: Geometry of 3D collimator in a round beampipe.

Before leaving this section, recall that in the 2D (round) collimator caseW e could be

found either by the change in potential in the primary �eld in the two pipes, or by the

potential in the �eld \clipp ed" away by the collimator: the two calculationsgave the same

answer. For the 3D collimator this is no longer true. This is becausethe steady-state�eld

pattern within the collimator aperture (here elliptical) di�ers from that in the beam pipe

(here round). Thus, we �nd here, accordingto a clipping calculation, kloss = 110:3 V/pC;

this result is di�eren t from before, but it agreeswell with a direct calculation for a short
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FIG. 5: Wake of a � z = 25 � m Gaussianbunch in the elliptical collimator (head is to the

left): comparisonof the indirect numerical result (solid line) with the analytical potential

energycalculation (dashes).

(3 mm-long) elliptical collimator, wherekloss = 109:9 V/pC. The implication is that, when

a beam encounters a collimator it takes time for its �elds to adjust themselves to a new

steady-statecon�guration. Thus, for a short collimator, a clipping calculation is correct; for

a long collimator the changein potential in the two pipesgivesthe correct answer.

LCLS Rectangular-to-Round Transitions

Considernow the pair of LCLS rectangular-to-round transitions shown in Fig. 1. Both

the rectangular and the round regionsare long and we can consider them independently.

First note that the analytical methods usedabove for the elliptical collimator|obtaining

the wake from the primary �eld potential alone|cannot be usedhere, sinceneither cross-

sectionis inscribed entirely within the other. Also note that the indirect numerical method,

described above, can only be applied to the rectangular-to-round half of the pair since it

endsin a round pipe (and not to the converse,round-to-rectangularone). The wake of the

pair of transitions is given by

W = W in + W out = 2(W out � W e) ; (4)

whereW out represents the numerically-obtained, rectangular-to-round wake and W e is the

potential di�erence in the primary beam�elds of the two pipe cross-sections.
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To obtain W e we �rst usea Matlab Poissonequation solver to �nd the �eld energyfor

the analogous2D (x-y) problem with our cross-sectiongeometries. Fig. 6 shows the �eld

energydensity for the two cases.For each geometry the total �eld energydivergesat the

origin, but the di�erence betweenthe two totals doesnot (near the origin the �elds are the

same). In the numerical calculation of �eld energy, to avoid the singularity at the origin, the

integration was stopped at a small circle of radius � . In Table I I we give several valuesof

w(� ) = u=Q2, with u the energyin the (2D) �elds, and the di�erence in w betweenthe two

regions. [For the round casewr ound just equalsZ0cln(b=�)=(2� ).] Note that the di�erence is

unchangedfor � <� 1 mm. Finally, W e = � z(wr ound � wr ect) with � z = e� 1
2 s2=� 2

z =(
p

2� � z).

FIG. 6: Energy density in the �elds for the rectangular and round beampipes.

TABLE II I: Field energyof the beam beyond radius � in the rectangular and round beam

pipes.

2�
Z0c w(� )

� [mm] Rectangular Round Di�erence

1.50 0.73701 0.98350 0.2465

1.00 1.14727 1.38892 0.2417

0.50 1.85149 2.09222 0.2407

0.25 2.54466 2.78534 0.2407

To test the indirect method on the LCLS rectangular-to-roundtransitions we�rst perform

calculationsfor a longer bunch (� z = 200� m). The calculationsare donetwice: �rst, using
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direct integration on a pair of transitions with separationL = 50 mm, and then using the

earlier-described indirect method. The results are shown in Fig. 7; we seegood agreement.

out

out

e

eout

FIG. 7: Wakeof a pair of LCLS rectangular-to-roundtransitions assuminga Gaussianbunch

with � z = 200 � m.

For the nominal 20 � m long bunch it is di�cult to obtain an accurate wake using the

direct method. Thus, for this casewe perform the indirect calculation only. The results are

given in Fig. 8. We obtain Wmn = � 216 V/pC, kloss = 153 V/pC, and Wr ms = 61 V/pC;

or, using Eq. 3, we �nd that the high frequencyimpedanceZhi = 36:2 
. The 3D results

are � 2=3 the 2D estimates(seeTable I I with � = 90� ).

e

e

out

out

FIG. 8: Wakeof a pair of LCLS rectangular-to-roundtransitions assuminga Gaussianbunch

with � z = 20 � m.

When this report was nearly completeda 3D indirect wake�eld calculation method was

developed that no longer is limited to structures with round exit pipes(to be presented in a
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future report). The method was applied independently to each of two transitions of a pair

and the results wereaddedfor: the elliptical collimator exampleand LCLS rectangular-to-

round transitions presented in this report; in both casesthe new results agreecloselywith

and con�rm the earlier results.

W ake Induced Energy Change

The LCLS bunch shape is not Gaussian;in fact it can be described as 
at with leading

and trailing spikesor horns, and with an rms length of 20 � m. Sincefor short bunchesthe

wake is resistive, the wake will still be proportional to the bunch shape, with W = � Zhi c� z.

Taking Zhi = 36:2 
 (the e�ect of all 33 pairs of rectangular-to-round transitions), the

resulting induced energychangeis given in Fig. 9. Resultsare shown for the actual bunch

shape (the solid curve) and for the Gaussianmodel (dashes). Note that, even though the

rms lengths of the horns are very small (� 2 � m), they are still large comparedto a=


(� 0:1 � m); thus the resistive model of wakes/impedancesstill applies.

- 50 - 25 0 25 50
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FIG. 9: Total energychangeinduced in the 33 pairs of rectangular-to-round transitions in

the LCLS undulator regionwhen in the 1 nC bunch chargecon�guration. Resultsare given

for the actual bunch shape (solid) and for the Gaussianapproximation (dashes).The head

of the bunch is to the left; negative � E=E indicatesenergyloss.

It is the variation in induced energy change that is important for the LCLS, since an

averagechangecanalways be compensatedby tapering the undulator strength. We seethat

over the coreof the beam(that part that excludesthe horns) the total variation in induced
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energyis � 0:03%. In the horn regionsit grows to � 0:15%(however, it is questionablehow

e�ectiv e in lasing horn particles will actually be). Thesenumbers, however, are still small

comparedto the variation due to the resistive wall wake of the undulator beampipe (which,

for the 
at, aluminum chamber is 0.6%) [1]. Thus we concludethat the wake e�ect of the

LCLS rectangular-to-round transitions is relatively small.

I. CONCLUSION

We have studied the longitudinal wake�elds of very short bunches(� z=a � 1 with � z rms

bunch length and a beam pipe radius) in 3D vacuum chamber transitions using analytical

modelsand the computerprogramECHO. Herethe di�raction model of Heifetsand Kheifets

applies, with the wake proportional to the bunch distribution. For this problem, direct

numerical integration of the �elds to obtain the wake (i.e. the constant of proportionalit y)

is particularly di�cult due to the long \catch-up" distance, and an indirect method of

calculation is needed.

We �nd that for LCLS parameters|b ecauseof the short bunch length|tap ering will

not signi�cantly reducethe wake unlessthe taper angle is very shallow (<� 1� ). For a short

bunch and a long, elliptical collimator in a round beampipe we have demonstratedthat|as

is the casewith a purely 2D (round) collimator|the wake can be obtained from the static

primary �elds of the beamalone. Finally, we have obtained the wakesof the LCLS bunch in

the rectangular-to-roundtransitions usinga hybrid method that includesindirect numerical

(�eld) integration and a potential calculation using the beam'sprimary �eld.

For the LCLS 1 nC bunch charge con�guration, we �nd that the wake-inducedenergy

changeof the transitions is proportional to the (double-horned)bunch distribution; in ad-

dition, the total variation in energychangeis small (0.03%in the coreof the beam,0.15%

in the horns) comparedto that due to the resistive wall wakesof the undulator beampipe

(0.6%).
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